Coherent coupling between distant two-level systems is a fundamental process in several physical contexts, from natural photosynthesis to quantum-information processing, where it enables two-qubit operations. For quantum information, qubits based on electronic degrees of freedom in a solid-state matrix are sensible candidates for scalable, integrated implementations. Clarifying the mechanisms underlying coherent coupling in solids is therefore an essential step in the development of such technology. Here, we demonstrate the existence of a long-range coherent coupling mechanism between individual localized excitons in a 5 nm GaAs/AlGaAs quantum well, introducing the novel tool of two-dimensional nonlinear coherent hyperspectral imaging. The coupling is shown to arise due to a biexcitonic renormalization, rather than a transition dipole (Förster) interaction. The long-range nature of the coupling is attributed to the existence of spatially extended exciton states up to the micrometre range, which are admixed in the biexciton state, as revealed in nonlinear imaging.
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A lthough a variety of approaches are used to generate qubits (quantum two-level systems), those that are to be integrated into practical quantum-information processing devices 1 will most likely be embedded into a solid state matrix [2] [3] [4] [5] . Electron pairs [6] [7] [8] and individual excitons 9, 10 confined in semiconductor quantum dots are both systems to have been investigated in this context. The next essential step towards the semiconductor implementation of quantum information technology is to take advantage of coherent coupling mechanisms between distant qubits to enable controlled two-qubit operations 11 . For this, it is important to understand the physical mechanisms underlying long-range electronic coupling in semiconductors. Here, we study the model system of individual localized excitons in a narrow GaAs/AlGaAs quantum well.
Substantial coupling of excitons to the light field to enable their optical coherent manipulation and measurement comes at the expense of subnanosecond coherence times. Coherent manipulation on this fast timescale is possible with the tools of coherent ultrafast spectroscopy. Specifically, the recently developed technique of heterodyne spectral interferometry 12, 13 (HSI) is capable of detecting a resonantly excited transient coherent nonlinear response, such as four-wave mixing (FWM), in individual quantum systems (see Methods and Supplementary Appendix C). This combines a heterodyne detection scheme 14, 15 , which allows the rejection of the incoherent background and efficient discrimination of the selected nonlinear signal, with spectral interferometry 16 , permitting retrieval of the spectral response in both amplitude and phase. Obtaining the response in both amplitude and phase allows its analysis in both frequency and time domains 17, 18 . Additionally, because HSI is a multipulse technique, analysis of the dependence on the time delay between excitation pulses allows the application of two-dimensional spectroscopy in the optical frequency range on single excitons 12, 13 (a technique previously restricted to large ensembles [19] [20] [21] ) to observe and quantify coherent coupling within a small ensemble of excitons.
Earlier multidimensional spectroscopy techniques were limited to a spatial resolution of 100 mm, and were not sensitive enough to measure individual quantum systems. For example, two-dimensional nuclear magnetic resonance (NMR), which can measure coherent coupling of nuclei 22 , requires more than 10 20 nuclei. Even two-dimensional optical spectroscopy, used to measure electronic coupling, uses 10 16 molecules 19 . The combination of submicrometre-scale imaging with multidimensional spectroscopy sensitive to individual quantum systems represents a step change, providing a powerful tool for resolving many open questions in solid-state physics. Here, we demonstrate its capabilities by assessing the coherent coupling between excitonic states with two-dimensional FWM and ascertain the underlying physical mechanism.
Representative FWM hyperspectral images of localized excitons are given in Fig. 1 (see also Supplementary movies A and B) for different sample regions with low ( Fig. 1a-c) and high ( Fig. 1d-f ) densities of localized exciton states. Individual excitons can be identified by the spatially and spectrally localized nature of their FWM responses. To facilitate the discrimination of individual states, centre energies were encoded as false colours. The difference in the density of localized excitons in the two regions is evident: within the displayed energy range of 200 meV, approximately one exciton of significant oscillator strength is detected in the lowdensity region, and about ten excitons in the high-density region. Although in the low-density region the excitons are localized to within the spatial resolution, in the high-density region, spatially extended structures 23 (up to a few micrometres in length) with a resonance energy that is constant (within an error of a few meV) can be observed ( Supplementary Fig. B) .
The presence of spatially and spectrally close-lying exciton states suggests the possibility of coherent coupling between them. To investigate the strength and mechanism of such coupling, we used two-dimensional spectroscopy to measure the FWM response as a function of delay time. Figure 2a shows the FWM amplitude |R s 21,2 (v 3 , t)| as a function of the detected photon energy hv 3 and delay t, measured in the low-density region for linear polarization 24 ( , , ) along [1 10]. The spectrum is dominated by the excitonic transition X 1 at v 3 ¼ 1.6943 eV. In the vicinity of X 1 , weaker transitions X 2 , X 3 and X 4 are visible as beats versus delay, as highlighted in the inset to Fig. 2a . These oscillations are not a manifestation of coherent coupling, as shown below, but are due to polarization interference 25 occurring between the spectral wings of X 1 , and the weaker resonances X 2 , X 3 and X 4 . With varying t the latter acquire phase shifts with respect to X 1 , resulting in oscillations with a period inversely proportional to their spectral separation from X 1 . For example, at X 2 , with a detuning of d ¼ 0.45 meV to X 1 , a corresponding beat period of 9 ps ≈ h/d is measured. Weaker FWM resonances, of similar strength both for positive and negative t, are observed on the lower energy side. These are bound biexciton transitions XX 1 and XX 4 coupled to X 1 and X 4 .
The HSI technique recovers the FWM both in amplitude and phase, so the delay t can be Fourier-transformed to the conjugated frequency v 1 (for t . 0):
−ıv 1 t dt, as discussed in ref. 12 (also see Supplementary Fig. D and Appendix B). In the resulting R s 21,2 (v 3 , v 1 ) the first-and third-order resonances of the system are separated, which is key to quantifying the strength and type of coupling (similar to the multidimensional spectroscopy developed for NMR studies 22 ). The R s 21,2 (v 3 , v 1 ) representation (two-dimensional FWM) of the data in Fig. 2a is shown in Fig. 2b . The dominant feature is a diagonal line of peaks (labelled 'X states'); these signals have equal first-and third-order frequencies. First-order polarization resonances are single excitons, and diagonal signals are therefore due to a third-order polarization on the same single exciton as the first-order polarization. Such diagonal signals dominate in the low-density region (Fig. 1a-c) , where the average distance between localized excitons is large and extended excitons are not observed, so that coherent coupling between excitons is expected to be suppressed. Each exciton resonance is accompanied by a weak resonance at the same v 1 , but at v 3 some 5 meV below. These resonances at different v 3 are transitions from excitons to bound biexcitons, which form a second approximate diagonal that is redshifted by the biexciton binding energy of (5.0+0.1) meV (ref. 26) . Corroboration of the biexcitonic origin of these peaks is provided by the observation of a p-shift between the phase of 0-X and X-XX transitions (as discussed later), shown by the green trace in Fig. 2b . From the measured lineshapes, homogeneous linewidths of 10 meV for the 0-X transitions and 10-20 meV for the X-XX transitions are inferred, taking into account the spectrometer resolution. Using the amplitude of the FWM and the estimated homogeneous linewidths, we could determine the oscillator strength of the X-XX transitions relative to the 0-X transition, and found it to be 1.7 to 17 times weaker. We also observed instances of single excitons with transitions to multiple bound biexcitons, like the doublet XX 1 . The above features are indicative of a system with a Coulomb correlation energy comparable to the exciton confinement energy of 10 meV given by a monolayer thickness variation 27 , so biexcitons in these structures are in a regime between weak and strong confinement. In the strong confinement limit, biexcitons are described by a product wavefunction of two excitons, yielding the equal oscillator strength of the 0-X and X-XX transitions. Instead, if biexciton states contain significant admixtures of wavefunctions of other single exciton states, the X-XX transition is weaker. Spatial imaging of the XX 1 and XX 4 energies showed that the transitions are co-localized to their respective excitons, as expected.
As single excitons are localized in a disorder-induced island or terrace, which, in general, has non-cylindrical spatial symmetry, a fine-structure splitting 28 is expected. Indeed, by investigating with a (b, b, b) configuration, we find that the X 1 transition in vicinity of the fine-structure split exciton retrieved under these conditions is shown in the inset of Fig. 2b . Strong coherent coupling (coupling exceeding the decoherence) is demonstrated by the offdiagonal signal of equal amplitude to the diagonal. Each polarization component not only creates a third-order signal on itself (diagonal peaks), but also creates a third-order response of the partner in orthogonal polarization, resulting in a pair of peaks with v 1 = v 3 , (that is, off-diagonal).
To enhance coherent coupling between excitons in different spatial states, we decreased the average spatial exciton separation by moving to the region of higher exciton density shown in Fig. 1d-f , for which the measured |R s 21,2 (v 3 , t)| is presented in Fig. 3a . The pronounced beating versus t indicates the presence of coherent coupling, which is confirmed in the corresponding R s 21,2 (v 3 , v 1 ) representation shown in Fig. 3b . Similar to the lowdensity region shown in Fig. 2b , there is a diagonal line of peaks from all the excitons probed by the excitation. Additionally, off-diagonal peaks between some of the excitons (insets 1, 2 and 3, Fig. 3b Fig. G) . Pairs of coupled exciton states form square features in twodimensional FWM, as indicated by the dotted rectangle in Fig. 3b .
To classify the features observable in two-dimensional FWM, we considered the response of a pair of two-level systems (TLS), coupled by different physical mechanisms 30 . We begin with two uncoupled TLS a and b of transition frequencies v a,b (Fig. 4a) , each of them producing a single peak on the diagonal at (v a , v a ) and (v b , v b ) in the two-dimensional FWM signal. To discuss the coherent coupling mechanisms between the states, we first move to a single system representation (the resulting four-level system is shown in Fig. 4b ). Without coupling, the states are product states |0l ¼ |0l b |0l a , |1l ¼ |0l b |1l a , |2l ¼ |1l b |0l a and |3l ¼ |1l b |1l a , and their energies are the sum of the TLS state energies. Although there are transitions relating to off-diagonal peaks in this representation, they destructively interfere by construction, as shown in Fig. 4b . For example, the density grating in system a, described by the four-level density matrix elements @ 11 and @ 00 ¼ 1 2 @ 11 , creates a third-order polarization in the off-diagonal elements @ 31 and @ 20 of opposite phase. In the schematic of the two-dimensional FWM signal, the off-diagonal signal at (v 1 ,
Depending on the coupling mechanism between a and b, this cancellation is lifted in different ways. For a biexcitonic coupling, which is given by an energy renormalization d of the two-exciton state (for example, a static dipole-dipole or exchange interaction), the cancellation is lifted due to a spectral shift of the exciton-biexciton @ 31 transition from v a toṽ a , creating two separated off-diagonal peaks (Fig. 4c) . Even if the renormalization is imaginary, that is, a dissipative coupling, the cancellation is lifted due to the different spectral widths of the two contributions.
If the interaction instead mixes the single exciton states, for example in a transition dipole (Förster, radiative) coupling 30, 31 , the two Relative phase ω 3 (eV) transitions remain at equal energy. However, the oscillator strength of the transitions is in general different, as the coupled exciton states are mixtures of the uncoupled ones, and the dipole moment is a phase-sensitive sum of the individual contributions. Their FWM amplitudes are therefore different, and the cancellation is lifted (Fig. 4d) . The mixing also affects the decays of the transitions through the different radiative rates, leading to different linewidths, so that the off-diagonals show a more complex spectral shape (Supplementary Fig. H) .
These two types of coherent coupling can therefore be distinguished by the shape of the off-diagonal signal. In the case of biexcitonic coupling, the biexcitonic peaks are spectrally shifted off the square edges (v b,a , v a,b ) , creating a doublet and a total phase shift of 2p over the off-diagonal. In the case of transition dipole coupling, the off-diagonal is a single peak at the square edges (ṽ b,a ,ṽ a,b ) with a p or 3p phase shift over the off-diagonal ( Supplementary  Fig. H ). To support this qualitative discussion, we have numerically simulated the FWM signal of a four-level system with frequencies and transition dipole moments representing the different coupling mechanisms (for details, see Supplementary Appendix B), as shown in the bottom row of Fig. 4 . A p shift can be observed over the diagonal terms and the non-diagonal elements resulting from the transition dipole coupling (Fig. 4d) , whereas a 2p shift is seen over the off-diagonal elements for biexcitonic coupling (Fig. 4c) , even if a double peak structure is not well resolved. To reveal the mechanism of coherent coupling observed in Fig. 3b , we therefore analysed the phase of the measured off-diagonal signal given in Fig. 3c . A p shift is observed for the diagonal peak, as expected for a single Lorentzian resonance. Conversely, the off-diagonal signals clearly demonstrate a 2p shift over the peak, showing that although not well separated in the amplitude spectra, off-diagonal elements consist of two resonances, each contributing a p shift to the phase. The underlying coupling is therefore of biexcitonic type, as depicted in Fig. 4c . Similar observations were made for measurements at many other sample positions where a significant off-diagonal signal was present. By analysing the off-diagonal signal in amplitude and phase (Supplementary Appendix A), we can determine the renormalization d underlying the coherent coupling. For v 3 ≃ 1,691.9 meV in Fig. 3b , we find d ¼ (56 þ 2i) meV, with errors in the range of a few meV. The real part represents an exciton-exciton repulsion, and the imaginary part, which reflects dissipative coupling and could be due to processes such as Auger recombination, is zero (within error). The same analysis for the second coupled state v 3 ≃ 1,692. Features characteristic of transition dipole coupling (Fig. 4d) , where off-diagonal elements exhibit a p or 3p shift over the peak, have not been observed. This is in agreement with the radiative coupling energies of the order of 10 meV at resonance and a distance of 100 nm, scaling with the inverse of the energy splitting and the inverse third power of the distance 31 , resulting in an expected radiative coupling in the sub-meV range. As an exception, fine-structure splitting is due to transition dipole coupling of the two spatially superimposed circularly polarized excitons, giving an estimate for the coupling strength at small distances. However, as fine-structure splitting comes with a strong biexcitonic coupling due to spatial overlap, the off-diagonal structure in this case is dominated by biexcitonic coupling features.
As the coupling of single excitons scales differently with their spatial separation for radiative and biexcitonic coupling, it is instructive to determine the distance between the coupled excitons. This is achieved by combining two-dimensional FWM spectroscopy with hyperspectral spatial imaging. Figure 5a -c shows the corresponding images at the energies of the coupled excitons of Fig. 3  (Supplementary Fig. J) . One can see that the coherently coupled excitons observed at v 3 ¼ 1,690.75 meV and 1,691.95 meV (blue arrow) are centred at the same position, suggesting that the coupling occurs within the same monolayer island. Conversely, the coherently coupled excitons at v 3 ¼ 1,690.35 meV and 1,690.83 meV (red arrow) show a separation of d ¼ 0.8 mm. Note that, from the spectral information, we can determine the centre of an excitonic transition with a precision better than the resolution, similar to the principle of the super-resolution microscopy technique STORM 32 Supplementary Fig. I.) by 0.1-0.9 mm has been identified in this way for many different cases. The coupling strength is evaluated by the ratio between the intensity of the off-diagonal signal and the geometrical average of the intensity of the diagonal signals. In this way, differences in oscillator strengths as well as spatial and spectral overlap of the excitation pulses are compensated. The measured coupling strength (Fig. 5d) shows a decay as a function of the inter-exciton distance. However, the decay is neither clearly exponential as expected for the spatial overlap of localized states nor dependent on d 23 , as expected for radiative coupling. We propose that the observed long-range coupling between excitons is enabled by extended excitons, as exemplified in Fig. 1e-f . Excitons of such large extension are not consistent with the expected localization of the exciton centre of mass motion, because the corresponding disorder potential is well below the expected residual disorder within a monolayer island by Al segregation of the order of 10-100 meV. Specifically, using the localization length 33 j 0 = ph − / 2ME √ , we find for j 0 ¼ 1 mm a disorder potential energy of E ≈ 0.6 meV. As the radiative renormalization 27, 34 in a disorder-free 5 nm GaAs/AlAs quantum well is of the order of 100 meV, it can supercede the residual spatial disorder, so that the radiative coupling can result in motional narrowing, yielding a delocalization of the exciton over the monolayer island or terrace. We therefore propose that the observed large extension of exciton states is enabled by radiative coupling, and that these states can be seen as localized quantum well exciton polaritons, or excitons dressed by the photon field. The long-range coherent coupling is thus not directly due to radiative coupling but is instead an indirect result of it.
In conclusion, we have shown that by using methods of twodimensional coherent nonlinear spectroscopy in the optical frequency range, it is possible to detect, quantify and physically interpret coherent coupling within discrete groups of excitons. The coupling mechanism is revealed through the spectral amplitude and phase of the off-diagonal signal of the coupled partners in twodimensional FWM. For the monolayer localized excitons investigated in the present work, biexcitonic coupling is found to be the dominant mechanism, and no direct evidence of radiative coupling was found, even though coherent coupling between excitons spatially separated by up to 1 mm was observed. We propose that this long-range coupling is mediated by the observed extended exciton states, which form in extended monolayer terrace structures. The remaining short-range disorder due to segregation, which is expected to localize excitons to below 100 nm, seems to be overcome. We propose that this is due to exciton-polariton states formed by radiative coupling, which are averaging over the disorder. Radiative coupling is therefore important, not directly for the coupling of energetically separated states, but for the creation of extended states acting as coupling channels. The presented technique and the insight gained on coherent coupling can be applied to a variety of other nanostructures, and provides essential information on the mechanisms of coherent coupling of the contained individual quantum systems. Combining HSI with ultrafast pulse-shaping techniques for coherent control produces a characterization, control and readout technique suited for the implementation of quantum-information-processing algorithms.
Methods
Sample. In this Article, we examine individual localized excitons in a 5 nm GaAs/AlAs quantum well, grown by applying a growth interruption at both interfaces to allow the formation of large ( 100 nm) monolayer islands at the interfaces 27, 35 . Exciton states localized in these islands show a large oscillator strength due to their relatively large lateral size when compared to strongly confined excitons in InAs/GaAs self-assembled quantum dots. This makes them particularly well suited for measurement and manipulation by nonlinear optical techniques such as HSI. The sample was grown with a small thickness gradient over the wafer surface in the [110] direction, allowing the observation of a continuously varying spatial density of excitons localized in monolayer islands.
FWM experiment. The HSI technique was used to detect the FWM field 12 R −1,2 s / E 2 E 2 E * 1 while varying the delay t between excitation pulses 1 and 2 of fields E 1 and E 2 in a range of 220 to 100 ps, positive for pulse 1 leading. The typical total excitation fluence of the pulses was 1 mJ cm 22 , created by a few thousand photons per pulse (Supplementary Table 1 ). Using a diffraction-limited spatial focus of 600 nm for excitation and confocal detection, HSI achieved a spatial resolution of 300 nm due to third-order nonlinearity, sufficient to measure the position and extension of the excitons 36 . At each spatial position, a spectrum of the response was acquired, creating a hyperspectral image of the excitons. This allowed the position and extension of the excitons to be measured to investigate their spatially non-local coupling. quantum dot. 
